Based on correlations of coherently displaced photon numbers, we derive entanglement criteria for the purpose of verifying non-Gaussian entanglement. Our construction method enables us to verify bipartite and multipartite entanglement of complex states of light. An important advantage of our technique is that the certified entanglement persists even in the presence of arbitrarily high, constant losses. We exploit experimental correlation schemes for the two-mode and multimode scenarios, which allow us to directly measure the desired observables. To detect entanglement of a given state, a genetic algorithm is applied to optimize over the infinite set of our constructed witnesses. In particular, we provide suitable witnesses for several distinct two-mode states. Moreover, a mixed non-Gaussian four-mode state is shown to be entangled in all possible nontrivial partitions.
I. INTRODUCTION
Quantum entanglement [1, 2] is an important resource for quantum technologies. For example, it serves as the basis for secure communication protocols [3] and quantum information processing [4] . However, identifying entanglement of mixed, multipartite states remains a sophisticated task [5, 6] . In particular, the quantum optical implementation of entangled light fields for applications requires novel methods to uncover entanglement in the distinct regimes of single-photon [7] and continuous variables [8] . Recently, intermediate instances of hybrid systems at the interface of joint discrete-and continuousvariable quantum information have also gained a lot of attention; see, e.g., Ref. [9] .
The most prominent approach to certifying entanglement is formulated in terms of so-called entanglement witnesses [10, 11] . Such observables have a limited range of expectation values attainable for separable states, and entanglement is accessed by violating those bounds [12, 13] . In principle, this approach defines a necessary and sufficient method to characterize entanglement. Yet, the construction of witnesses is as challenging as the separability problem itself [14] . Nonetheless, properly designed witnesses have been experimentally applied to successfully detect entanglement of certain classes of states; see, e.g., Ref. [15] for an early implementation.
Since a single (linear) entanglement witness cannot detect the entanglement of all quantum states, optimization procedures have been formulated [16] . For instance, the notion of finer or ultrafine witnesses [17] has been established to account for additional, physical constraints of the system under study. Also, the direct construction of optimal witnesses is a sophisticated problem which can be considered to ensure the best possible performance of entanglement tests for certain states. One consis- * benjamin.kuehn2@uni-rostock.de tent approach to such a desirable construction scheme is based on the method of separability eigenvalue equations [13, 18] . The solution of those equations allows for the formulation of optimized entanglement criteria which, in principle, render it possible to derive witnesses for arbitrary detection schemes. This versatile approach has been used to experimentally characterize path-entangled photons in the single-photon domain [19] and to uncover complex forms of multimode entanglement in continuousvariable Gaussian states of light [20, 21] .
Of major importance is the class of entangled nonGaussian states, which plays a crucial role in several quantum applications. In particular, these states are necessarily required in certain protocols for entanglement distillation [22] , quantum error correction [23] , and quantum teleportation [24] . Therefore, it is essential to have powerful entanglement criteria, which are based on higher-than-second-order moments and which are able to certify the entanglement of non-Gaussian states. Some criteria are proposed in Refs. [25] [26] [27] .
As indicated above, the availability of entanglement not only depends on the sources of multimode-correlated quantum light, but also relies on the availability of detection schemes which allow for certification of entanglement. For example, the measurement of multimode photon-number correlations is not sufficient to infer entanglement. Phase-randomized states, such as those constructed in Refs. [28] and [29] , can exhibit the same form of photon-number correlations, and they are separable at the same time. Moreover, experimental techniques in discrete-and continuous-variable quantum optics require rather distinct resources.
A standard technique to verify continuous-variable entanglement relies on multimode balanced homodyne detection for the measurement of the covariance matrix of Gaussian states [30] [31] [32] . This provides all necessary information, e.g., for the Simon [33] or the Duan et al. [34] entanglement criteria, to test entanglement of all the bipartitions. Beyond bipartitions, from the covariance matrix one can even verify the entanglement of all individual arXiv:1707.01707v2 [quant-ph] 7 Sep 2017 multipartitions of Gaussian states [20, 21] . For the more general task of analyzing multipartite non-Gaussian entanglement, it is important to merge the theoretical construction of entanglement tests with the availability of proper measurement techniques to implement promising test strategies.
In this work, we derive a class of entanglement witnesses which apply to any combination of displaced photon-number correlations. We use our approach to study entanglement of bipartite and multipartite radiation fields. Experimental methods are considered which are suited to directly access our criteria in the discreteand continuous-variable regime. Furthermore, we observe that our displaced photon-number witnesses are robust against constant losses.
Our work is organized as follows. In Sec. II, entanglement witnesses on the basis of displaced photon-number correlations are constructed for the bipartite case and their properties are analyzed. An experimental scheme is proposed in Sec. III, which enables direct measurement of such witnesses, and relations to other notions of quantum correlations and the robustness of our method are discussed. In Sec. IV, we characterize the entanglement of several, relevant quantum states. We generalize our treatment to the multimode scenario in Sec. V. In Sec. VI, we summarize and conclude.
II. DISPLACED PHOTON-NUMBER WITNESSES FOR BIPARTITE ENTANGLEMENT
In this section, first we briefly recall the method used to construct optimal entanglement witnesses [13] . Then we consider some properties of the displaced photonnumber operator. Eventually, we formulate our entanglement criteria-based on displaced photon-number measurements-for the bipartite scenario.
In the context of this section, let us also recall the notions of bipartite separability [35] . Namely, a pure state |ψ in the compound Hilbert space H a ⊗ H b is separable by definition if it is a normalized tensor product, |ψ = |a ⊗|b . By extension, a mixed stateσ is separable if it is a statistical mixture of pure separable states,
where P is a probability distribution over the set of pure separable states. Any state which cannot be expanded in this form is entangled.
A. Entanglement witnesses from separability eigenvalue equations
The construction of entanglement witnesses can be done, e.g., through the optimization of the expectation value of a given Hermitian operatorL with respect to all separable states [12, 13] . Due to convexity, it is sufficient to consider the optimization over pure separable states |x ⊗ |y . Depending on the considered scenario, either a maximization or a minimization can be more advantageous. Here, we focus on the minimization procedure. Note that the maximization of expectation values ofL is identical to the minimization of those of −L.
The considered minimization leads to a problem [13] , which is defined in terms of the so-called separability eigenvalue equations (SEEs),
which include reduced operators defined aŝ
using the normalized vectors |x ∈ H a and |y ∈ H b . The real number g denotes the separability eigenvalue (SEV) of the Hermitian operatorL, and the state |x ⊗|y denotes the corresponding separability eigenstate (SES). Note that Eqs. (2a) and (2b) are coupled since the solution vector |y of the second equation defines the reduced operatorL y for the first equation, and vice versa. Using this technique, it has been shown that one can formulate separability constraints [13] . That is, for any separable state it holds that L ≥ g min = inf{g : SEV toL}.
A violation of this bound, L < g min , identifies entanglement. Hence, the minimal SEV allows for the formulation of entanglement criteria. Furthermore, it is worth mentioning that for a rescaled and shifted operator, µL + ν1 ⊗1 for µ, ν ∈ R and µ > 0, the minimal SEV reads µg min + ν [18] . In addition, an entanglement witness can be directly obtained from constraint (4) and
which has nonnegative expectation values for all separable states. The generalization of this technique to an N -partite system yields SEEs containing N coupled equations [18] , which are applied in Sec. V. Using this multimode generalization, an experimentally generated 10-mode frequency-comb Gaussian state was successfully tested for entanglement in all possible nontrivial partitions [20] . Also, the concept of partial entanglement itself was further extended and experimentally applied to convex combinations of individual partitions [21] .
B. Single-mode eigenvalue problem of displaced photon-number observables
As we study displaced photon-number statistics, let us recall some of their properties; see Ref. [36] for an introduction. One bosonic mode is represented through the annihilation (creation) operatorâ (â † ). The photonnumber operator isn =â †â . Furthermore, the unitary displacement operator,D(α) = exp[αâ † −α * â ] for α ∈ C, allows one to define the displaced photon-number operator asn
Because of the unitary transformation, this operator has the eigenvalues n ∈ N and eigenstates which are displaced photon-number states,D(α)|n . In particular, the ground state (n = 0) yields the coherent states of the quantized radiation field,D(α)|0 = |α . Let us now consider a combination of displaced photonnumber operators,L
where λ k > 0 and α k = α k for all k = k . Because of the scaling properties of the (separability) eigenvalue equations [13, 18] , we can additionally assume that k λ k = 1. Therefore, we can interpret {λ k } k=1,...,m as a probability distribution over the random variable A of coherent amplitudes {α k } k=1,...,m . For example, the mean coherent amplitude is given by A = k λ k α k .
Rewriting the operator, (7), yields a combination of a displaced photon-number operator and the identity,
where ∆A = A − A. The minimal eigenvalue of this operator is |∆A| 2 , which is attained for a coherent state |α with α = A.
C. Displaced photon-number correlations
In the next step, let us combine the previously discussed relations to formulate bipartite entanglement criteria. Similarly to the single-mode operator, (7), we consider a test operator for the two-mode system of the form
for pairwise different complex displacements, (α k , β k ) = (α k , β k ) for all k = k . The positive weighting factors {λ k } k=1,...,m are normalized to guarantee that k λ k = 1. The expectation value of the operator in Eq. (9) is a convex combination of m two-mode displaced photonnumber correlations, n(α k ) ⊗n(β k ) . Moreover, this operator is positive semidefinite, and its expectation value is unbounded from above; for example, we have L → ∞ for states |α ⊗ |β with amplitudes |α| → ∞ or |β| → ∞. It is also important to point out thatL is intrinsically a non-Gaussian operator since it contains up to fourthorder terms of the annihilation and creation operators.
To get entanglement criteria, we have to solve the SEEs in Eqs. (2a) and (2b). This requires to compute the reduced operators in Eqs. (3a) and (3b), which read
They are both of the form of (7). Therefore, the eigenstate to the minimal eigenvalue of both reduced operators has the form of a coherent state. This allows us to conclude that the SES to the minimal SEV is a product of coherent states, |x ⊗ |y = |α ⊗ |β . Applying these considerations to the SEEs, (2a) and (2b), results in the following coupled equations for the complex amplitudes:
where we have used the interpretation of {λ k } k=1,...,m as a probability distribution for the pair of random variables (A, B) with values {(α k , β k )} k=1,...,m . In addition, the minimal SEV is given by
In total, the test operatorL depends on 4m + (m − 1) independent, real-valued parameters. These are the positive numbers λ k (minus normalization) and the real and imaginary parts of the displacements α k and β k . In addition, let us stress that the number, (12) , is the desired bound of the separability constraint, (4), for the given observable, (9) . Also, note that the values of α and β are not explicitly determined. Still, they can be obtained as the roots of polynomials; cf. Eqs. (11a) and (11b). It is also worth mentioning that a local displace-
† , of the operator L in both modes does not change the value of the minimal SEV. Rather it transforms the SESs to |α+α s ⊗|β +β s .
D. Special cases
Let us now take a closer look at the number of terms m, which define the test operator, (9) . For m = 1, we get the SES |α 1 ⊗|β 1 , which results in the SEV g min = 0. In the case m = 2, we get g min = 0 for the SESs |α 1 ⊗ |β 2 and |α 2 ⊗ |β 1 . SinceL is positive semidefinite, i.e., L ≥ 0 for any state, constraint (4) is always satisfied in this scenario. Therefore, m ≥ 3 is required to be able to certify entanglement. Now, let us restrict ourselves to the case m = 3 and to displacements that lie on a line in phase space, i.e.,
with fixed phases φ and θ and α k , β k ∈ R. Solving Eq. (11a) for α and Eq. (11b) for β, one obtains the phase relations α = αe iφ and β = βe iθ with real-valued parameters α, β. For these amplitudes, we get
Inserting Eq. (13a) into Eq. (13b), one obtains a root finding problem for a polynomial with a degree of 5,
with the coefficients
and
for = 0, 1, 2 and j = 1, 2, 3. Equation (14) can be solved numerically, and α can be inferred from Eq. (13a).
III. RELATIONS, IMPLEMENTATION, AND IMPERFECTIONS
In the previous section, we formulated a technique to infer entanglement in terms of criteria which are based on displaced photon-number correlations. In this section, we relate the verified entanglement to other notions of correlations in the first step. Then, we propose an experimental technique to measure the expectation value L of the operator in Eq. (9) . It is based on a two-mode correlation measurement, and it can be straightforwardly generalized to multimode scenarios. Finally, the robustness of our approach under attenuations is elaborated.
A. Relation to other notions of quantumness
Beyond entanglement, there are also other quantum correlations in radiation fields; see, e.g., Refs. [28] , [29] , and [37] . In particular, in quantum optics, nonclassicality of a two-mode radiation field is defined on the basis of a Glauber-Sudarshan P function [38] [39] [40] . All two-mode quantum states can be represented via this function in terms of coherent states aŝ
If P cannot be interpreted in terms of a classical probability distribution, the state is referred to as nonclassical. That is, a state exhibits nonclassical correlations, and it cannot be considered as a convex mixture of coherent states |α ⊗ |β . Since the P function can be highly singular, which may prevent a direct certification of quantumness, one can use so-called nonclassicality witnesses, whose expectation value is nonnegative for all classical states; see Ref.
[41] for a recent study. In close analogy to entanglement witnesses, a nonclassicality witness can be constructed by starting with a Hermitian operator and optimizing its expectation value with respect to the convex set of classical states. A general comparison of nonclassicality and entanglement criteria can be found in Ref. [42] . For our observable in terms of displaced photon-number correlations [Eq. (9)], we already know that the minimal expectation value for separable states is attained for a tensor product of coherent states. Thus, the minimal expectation value for separable and classically correlated states is identical for both scenarios. Hence, verification of nonclassical correlations in the sense of the standard notion in quantum optics also implies entanglement. This is consistent with the finding in Ref. [43] . There it was shown that optimal entanglement quasiprobability distributions can be computed by solving the SEEs for the density operator. This entanglement quasiprobability can include negative contributions, and it requires that the Glauber-Sudarshan P function be a nonclassical distribution as well. It further relates the definitions of separable states in Eq. (1) to the notion of nonclassicality based on Eq. (17) . That is, the restriction to coherent states, |α ⊗ |β , for the concept of nonclassicality is replaced by arbitrary product states, |a ⊗ |b , to characterize entanglement. As a consequence, a classically correlated state is also separable, but not the other way around.
B. Measurement scheme
The photoelectric detection of light together with the interference of quantum light with coherent light is one way to access the displaced photon number [36] . Recently, multiplexing schemes together with imperfect detectors have been used to estimate quantum light with comparably high photon numbers; see, e.g., Ref. [44] . Using such recent implementations, the nonclassicality of quantum light, in the sense of the P function, has been inferred in a detector-independent manner [45] . Moreover, phase-sensitive measurements have been performed using such multiplexing detectors, e.g., in Ref. [46] . In combination, these measurement strategies allow for the detection of nonclassical light in the regime between continuous-variable and single-photon quantum optics. Beyond that, we proposed a method to directly measure the displaced photon-number statistics using unbalanced homodyne correlation measurements [47] .
Here, a technique-compatible with such detection schemes-is constructed to infer entanglement, rather than nonclassicality. Figure 1 shows an outline of the thought experimental setup to detect entanglement. Modes a and b are coherently displaced by amplitudes α k and β k , respectively. This can be realized by superimposing each mode with a weak local oscillator on a highly transmitting beam splitter. Afterwards, the photon-number correlation can be measured by applying photon-number resolving detectors [48] [49] [50] [51] . Alternatively, linear detectors without photon-number resolution can be used, based on our unbalanced homodyne correlation measurement technique [47] . For each measurement run, a (classical) random generator produces the displacements {(α k , β k )} k=1,...,m according to the probabilities {λ k } k=1,...,m . In this manner, L can be directly measured without the need for additional reconstruction algorithms or data postprocessing.
Outline of an experimental scheme to measure L . The two modes of the incident light field, labeled "a" and "b", are displaced, which is indicated by the displacement operatorsD(α) andD(β). The desired coherent displacements {(α k , β k )} k=1,...,m are randomly realized according to the distribution p(α, β), which is defined through the discrete probabilities {λ k } k=1,...,m .
C. Loss robustness
It is well known that experimental imperfections play a crucial role in the verification of quantum correlations. Especially, losses can affect the entanglement certifica- (Fig. 1) . This leads to the transformed field operatorsâ → √ η aâ andb → √ η bb , which result in a transformation of the operatorL in Eq. (9) tô
We find that the minimal SEV g min of the operatorL in Eq. (9) coincides with the minimal SEV g
see Appendix A for the detailed derivation. Let us study the following situation. Assume that for a given state in the unperturbed scenario there exists a set of specific parameters {(λ k , α k , β k )} k=1,...,m for a test operator of the form of (9) such that entanglement is verified, Ŵ < 0, with the witness operator
cf. Eq. (5). It is now interesting to investigate whether there exist parameters {(λ k ,α k ,β k )} k=1,...,m such that the witness,
which is constructed from the transformed operator in Eq. (18) , certifies the entanglement of the state including the detection losses. Using Eq. (19), we can rewrite the expectation value of this witness as
and, thus, we directly observe that
This means that using modified displacements for lossy detection scenarios, with η a η b = 0, we can still detect entanglement. This is an important finding since it means that arbitrarily high, constant losses do not annihilate the detectable entanglement-or, in other words, the non-Gaussian entanglement, certified through displaced photon-number correlations, cannot be destroyed by detection losses.
IV. APPLICATION
In this section, we apply our technique to uncover entanglement of various two-mode states. For instance, we will provide a method to find the optimal parameters {(λ k , α k , β k )} k=1,...,m of the observable, (9), for certifying entanglement of a particular state. Our examples include the non-Gaussian Schrödinger-cat-like states, two-mode Gaussian states, and non-Gaussian states produced via photon subtraction.
Before we consider the individual families of states, let us briefly outline the general application of the method introduced in Sec. II. To apply the operatorL [Eq. (9) 
Hence, we have to determine the coherent displacements {α 1 , α 2 , α 3 } and {β 1 , β 2 , β 3 } for an optimal verification of entanglement. This is done by implementing a so-called genetic optimization; see Ref. [54] for an introduction. This approach was also previously applied to find optimal, Gaussian entanglement tests [20, 21] . In our case, the underlying algorithm minimizes the expression L − g min over the possible coherent displacements and, thereby, determines the coherent displacements. It is also worth emphasizing that it is important to reach a maximal violation of the separability constraint, (4), as well as to choose the parameters in an experimentally simple way, e.g., with a high degree of symmetry.
A. Two-mode superposition of coherent states
Let us start by considering the non-Gaussian state
with coherent states |γ and |−γ , normalization constant N , and complex parameter . For | | = 1, we have a balanced superposition of the two separable contributions. Since this state superimposes two linearly independent product states, it can be related to a Schrödinger cat state. Likewise, it is a continuous-variable analog to a Bell state. In the following, we restrict ourselves to a coherent amplitude of γ = 0.6. We first use two typically applied, covariance-based entanglement criteria in continuous variables. In Fig. 2 , the criteria proposed by Simon [33] and Duan et al. [34] are depicted for | | ≤ 1. It is worth mentioning that both approaches are based on the partial transposition [55] and that both criteria are closely related to each other [5] . Entanglement is uncovered for negative values in Fig. 2 . For example, both criteria fail to demonstrate the entanglement of state (25) Let us apply our approach to this particular value, = e i(3/4)π . Our method yields the coherent amplitudesdiscussed in the next paragraph-for which an optimal difference between the expectation value L and the minimal SEV g min is attained. We find L = 0.275 and g min = 0.292,
which implies a successful entanglement test, L < g min or Ŵ = L − g min < 0. Note that the previously considered approaches [33, 34] did not verify this nonGaussian form of entanglement. The determined coherent amplitudes of our test operator in Eq. (9) can be given in the form
as well as
Here, the quantities Q k are defined as
with ∆ = √ 2 − 1 1/3 . Figure 3 illustrates and summarizes the configurations of the different sets of complex amplitudes. The complex numbers {Q 1 , Q 2 , Q 3 } are pointed out here for the following reason. Let us choose the displacements to be α k = β k = Q k , instead of those in Eqs. (27) and (28) . Then the SESs to the minimal SEV of the corresponding operator are the product states |γ ⊗ | − γ and | − γ ⊗ |γ , which define the state under study; see also Appendix B. As exemplified for the above case, we could have approached the verification of entanglement of state (25) for all parameters γ and . Our non-Gaussian entanglement criteria in terms of displaced photon-number correlation are shown to outperform the applicability of the Simon and Duan et al. approaches for the scenario under study. Furthermore, our optimization over the coherent amplitudes, defining our entanglement criteria, predicted their optimal choices for an experimental implementation of our technique.
B. Two-mode squeezed-vacuum state
Let us now study the somewhat inverse scenario. That is, we apply our method to a Gaussian state. The underlying question is whether or not the measurement of correlated, displaced photon numbers allows one to detect Gaussian forms of entanglement. Thus, our second example is a two-mode squeezed-vacuum state,
with complex squeezing parameter ξ. To apply our method, the expectation value of the displaced photonnumber correlations is required,
For ξ = 0.5, a parameter configuration is shown in Fig.  4 . In particular, we put the displacements {α 1 , α 2 , α 3 } and {β 1 , β 2 , β 3 } to be on a circle of radius r = 1.15, with α k = re i[1/2−2(k−1)]π/3 and β k = α * k . The corresponding test operatorL yields, for the given state, an expectation value which is significantly smaller than the minimal SEV, L = 1.34 and g min = 1.76.
Therefore, the Gaussian entanglement is verified. In order to get a better understanding of the relation between the test operator-more precisely, the configuration of coherent amplitudes-and the amount of squeezing, we vary the radius r. Note that the phases of the coherent amplitudes α k and β k can be simply adjusted to arg(ξ) via corresponding rotations. It turns out that entanglement can be uncovered for any radius r larger than the lower bound
which depends on the squeezing parameter. This relation is illustrated in Fig. 5 (a) together with the radii,
for which the positive-valued relative entanglementdetection quantity,
is maximal. This maximal relative entanglement detection is shown as a function of ξ in Fig. 5 (b) . Note that for the considered example ξ = 0.5 the radius r was chosen to be equal to r max . On the one hand, R increases with decreasing ξ, which means that the relative resolution of detected entanglement is better for smaller squeezing levels. On the other hand, one observes for a weakly squeezed state that the absolute effect, g min − L , becomes arbitrarily small. To relate this to the analysis of an experiment, let us mention that the absolute detection influences the measurement time or statistical significance, whereas the relative effect relates to the sensitivity or resolution of the employed measurement system. C. Single-photon-subtracted two-mode squeezed-vacuum state
As a final example for the bipartite scenario, we now consider another non-Gaussian state. In particular, we study a coherent single-photon-subtracted two-mode squeezed-vacuum state,
with ξ = 0.5. The parameter 0 ≤ κ ≤ 1 controls the relative amount of subtraction between the two modes. For further details on photon subtraction and its experimental implementation, see, e.g., Ref. [56] . This example demonstrates how de-Gaussification processes may influence the detected entanglement. One readily derives for the displaced photon-number correlations the expression
When the subtraction is performed in a balanced manner, κ = 1/2, a suitable configuration of coherent amplitudes for the test operator, (9), is given by α 1 = re iΘ , α 2 = −ir, α 3 = −re −iΘ , and β k = α * k , where Θ = π/5 and r = 2.2. For those amplitudes, we obtain L = 22.72 and g min = 22.98, (38) which verifies the entanglement, L < g min , of the squeezed state subjected to a global (i.e., 0 < κ < 1) photon-subtraction process. The configuration of coherent amplitudes is qualitatively different if the photon is removed locally. For example, a subtraction in the first mode, κ = 1, yields the following coherent amplitudes for a successful entanglement test. They are α 1 = r a e iπ/3 , α 2 = α * 1 , α 3 = −r a , and β k = (r b /r a )α * k , with r a = 1.6 and r b = 2.2. We get 12.22 = L < g min = 12.39.
Note that due to symmetry, one can exchange α k and β k in order to verify entanglement of the state where the photon is subtracted from the second mode, κ = 0. Hence, the coherent amplitudes to be measured strongly depend on the prepared state. Using our technique, we can predict these values for efficient implementation and optimal entanglement detection. This example concludes our study of bipartite entanglement.
V. MULTIMODE ENTANGLEMENT DETECTION
In final section, we extend our analysis to multimode systems. Since many findings can be straightforwardly generalized from the bipartite case, we focus on the parts which differ from our previous considerations. Especially, we study entanglement for different mode partitions, i.e., instances of partial entanglement.
Let us consider an N -mode system given in terms of the bosonic annihilation and creation operatorsâ (j) and a (j) † , respectively. The mode index j is an element of the set I = {1, . . . , N }. The displaced photon-number operator of the jth mode readŝ
for a coherent amplitude α (j) . The complex amplitudes may be put into a vector, α = (α (1) , . . . , α (N ) ) T ∈ C N . The entanglement properties of such a multimode system can be defined as follows. A K-partition is a decomposition of the set I into K subsets I ( ) ( = 1, . . . , K and 1 ≤ K ≤ N ). This means that the modes with an index in I ( ) are considered to be a joint subsystem. Now, a quantum state is separable with respect to the given partition, I
(1) : · · · :
where |a ( ) ∈ j∈I ( ) H j and P is a probability distribution. If such a representation is not possible, the state is entangled with respect to this partition.
It is worth mentioning that a one-partition, K = 1 or I
(1) = I, is referred to as a trivial partition, because there is no separation into different subsystems. A full partition, K = N or I ( ) = { } ( = 1, . . . , N ), is the maximally possible decomposition. The intermediate levels of separation, 1 < K < N , result in a plethora of forms of partial separability.
A. Probing displaced photon-number entanglement
We may first consider the measurement of displaced photon-number correlations. The displaced total photon number of the th subsystem is given by the operator
where the weighting q (j) ≥ 0 can be chosen according to some preferences to be specified. For instance, it may account for different detection efficiencies of the individual modes. Similarly to the bipartite scenario, we aim at detecting entanglement with an operator of the form
for the given K-partition I (1) : · · · : I (K) and m different multimode displacements α k ∈ C N for k = 1, . . . , m.
Again, we restrict ourselves to positive coefficients λ k with k λ k = 1. The operator, (43) , is of the order 2K in terms of the creation and annihilation operators. Thus, except for the trivial partition K = 1, the expectation value L depends on non-Gaussian characteristics of the state under study. The experimental measurement strategy has to be adapted to a given partition in order to infer the observableL [Eq. (43)]. This is illustrated in Fig. 6 for the tripartition {1, 2, 3} : {4} : {5, 6} of a six-mode system. Each mode is coherently displaced,D(α) = N j=1D (α (j) ), where α is one of the possible realizations α k , k = 1, . . . , m. The photon number of the transmitted beam is recorded afterwards. For each subsystem of the partition, {1, 2, 3}, {4}, and {5, 6}, the total photon number [Eq. (42)] is determined by summing the detector outcomes of all modes of the subset using the weights q (j) . Subsequently, the results for the individual subsystems are multiplied. Random displacements of the modes by amplitudes α k are performed with probabilities λ k . For sufficiently long data acquisition times, the measurement outcome approaches the expectation value of the operator, (43) .
)
q (4) q (5) q (6) a (2) a (3) a (4) a (5) a (6) The measurement of the resulting displaced photon-number statistics is combined in a weighted sum for each subsystemusing the weights q (1) , . . . , q (6) -and is then correlated.
B. Multimode separability eigenvalue problem
In close analogy to the previously studied bipartite scenario, inseparability with respect to a given partition can be probed via the conditions [18] L < g
Here, g
is the minimal expectation value ofL for states which are separable with respect to the considered K partition. Again, this bound is the minimal SEV of the multipartite generalization of the SEEs (2a) and (2b). The multimode SEEs read [18] 
for j = 1, . . . , K. The operator on the left-hand side of Eq. (45) is the reduced operator with respect to all but the jth subsystem; see Eqs. (3a) and (3b) for the bipartite case. For example, the reduced operators for the specific observable in Eq. (43) arê
for 1 ≤ j ≤ K. For all subsystems, they have the general form of a sum of displaced photon-number operators,
with nonnegative coefficients Λ k and complex displacements α
k . This, analogously to the bipartite case, implies that the multipartite SES to the minimal SEV is a multimode coherent state, |β
(1) ⊗ · · · ⊗ |β (N ) . In fact, it is worth mentioning that the number of superpositions m in Eq. (43) should exceed the number of partitions K by at least one, m ≥ K + 1, to have a useful entanglement witness.
Moreover, this also implies for the multipartite SEEs, (45) , that the coherent amplitudes have to obey certain relations. Those can be analogously formulated as done in the bipartite case in Sec. II C. Furthermore, the minimal multipartite SEV can be obtained numerically as it was discussed in Sec. II D. In addition, and for simplicity, we use the factors q (j) = 1/|I ( ) | (j ∈ I ( ) and |X | is the cardinality of the set X ) for the following examples.
C. Example: Multimode mixed states
To demonstrate the general capabilities of our technique, we may begin with a non-Gaussian four-mode (N = 4) state,
which is a quantum superposition of two coherent states. Such a state can be produced experimentally by splitting a single-mode cat state, being a quantum superposition of the coherent states |2γ and | − 2γ , on a 4-splitter.
For the generation of the cat state, we refer, for example, to Ref. [57] . In addition, we assume that the coherent amplitude γ is not perfectly determined. Assuming Gaussian noise,
we get the mixed non-Gaussian four-mode statê
We are going to study the entanglement of this state. Due to symmetry, it is sufficient to consider the four-partition {1} : {2} : {3} : {4}, the tripartition {1} : {2, 3} : {4}, and the bipartitions {1} : {2, 3, 4} and {1, 2} : {3, 4} only. Also, we particularly investigate the case γ = 0.4. Again, we apply the genetic optimization algorithm to find the optimal parameters for entanglement certification by means of the test operator defined in Eq. (43) together with Eq. (42) . This shows that one can restrict to coherent displacements, α (j) k for j = 1, . . . , N and k = 1, . . . , m, on the line in phase space that connects γ with −γ. This can greatly simplify the experimental implementation. In fact, we provide a suitable parameter configuration for all possible partitions of the state under study in Appendix C together with the minimal SEV and the expectation value of the test operator for state (48) . Table I . Thus, our entanglement verification approach not only is able to detect different instances of multimode entanglement, but also is robust-to the extent discussedagainst the considered forms of imperfections. we construct entanglement criteria which are based on displaced photon-number correlations of multimode radiation fields. Our family of entanglement conditions is formulated in terms of observables which are combinations of photon-number correlations for different displacements. Using the method of separability eigenvalue equations, we determine the lower bounds of the expectation values of these observables for separable states, whose violation infers entanglement. We apply our approach to study entanglement of bipartite systems as well as different instances of multipartite entanglement. Applying a genetic optimization algorithm, we find the observable which yields an optimal entanglement detection for the state under study within the constructed family of observables. For example, we demonstrate for some considered non-Gaussian states that our entanglement tests are more sensitive than criteria which are typically employed. Also, different forms of partial entanglement of multipartite systems have been verified for the example of four-mode states. We are able to predict bounds to Gaussian noise for which entanglement remains detectable for this example.
Furthermore, we compare our approach to verify entanglement with another concept of quantum correlation typically applied in quantum optics. In addition, we include detection losses in our analysis. It is demonstrated that entanglement is detectable-independently of the amount of constant loss at each detector.
Let us also mention that our technique is also applicable to an ensemble of trapped ions, whose vibrational motions are coupled [58] , because this system has a structure mathematically similar to that of quantized radiation fields. The motional energy eigenstates of the ions can be individually probed by lasers via quantum nondemolition measurements [59] . Coherent displacement of the motional states can be performed as well [60] . Consequently, our method can be straightforwardly extended to this scenario of trapped ions.
Thus, we present a versatile method to probe entanglement based on displaced photon-number correlations. Our analysis and the examples emphasize the strength and robustness of the method, and a generalization to trapped-ion systems has been outlined. Hence, we believe that our experimentally accessible technique will be helpful to further improve the understanding and the verification of the important class of non-Gaussian entanglement in complex systems, which is of great relevance for various applications in quantum technology.
Here we consider imperfect detection, in particular, constant detection loss. Let us start with the observablê
which is measured with ideal detectors. Its minimal SEV is
and the corresponding SES is |α ⊗ |β , which is a twomode coherent state. Its amplitudes obey the equation system
If mode a and b suffer constant loss, described by efficiencies η a and η b , one measures the transformed operator
The SES corresponding to the minimal SEV of this operator is also a two-mode coherent state, |α 
